Kaluza-Klein-like theories have difficulties with the existence of massless spinors after the compactification of a part of space [1, 2] . We show in this letter on an example of a flat torus with a torsion -as a compactified part of an even dimensional space -that a Kaluza-Klein charge can be defined, which marks the real representation into the two parts of well defined handedness, making the mass protection mechanism working in the noncompactified part of space.
I. INTRODUCTION
anti-charges) in the four-dimensional part of space. Accordingly also the gravitational field would manifest as all the known gauge fields and the gravity.
In spaces which do not have the symmetry of SO(1, d − 1), however, but rather the symmetry of SO(1, 7) × SO(6), for example, which means that the ground state solution of the Weyl equation of motion spans the manifold M 1+7 × S 5 (besides the internal space), for example, the question arises, if the handedness can still be defined in each of the subspaces, guaranteeing masslessness of spinors in this (SO(1, 7)) "realistic" part of space. The proposed theory of one of us [7] [8] [9] 12, 13] (Theories with only a torsion, while the Riemann tensor is equal to zero, are called the teleparallel theories [16] ).
We prove in this letter that there exists in a flat torus with a torsion the conserved quantum number of handedness as well as the two Kaluza-Klein charges, which commute with each other. The two Kaluza-Klein charges commute and the operator of handedness anti-commutes with the Weyl equations of motion operator, respectively, leading to the massless ground state solutions of the Weyl equation in the "realistic" space with a symmetry SO (1, 3) . We prove accordingly that although the "Witten's no-go theorem" is valid, the masslessness of spinors in the noncompactified part of space can still be guaranteed, transforming the "no-go" teorem into the "go" one.
II. SPINORS IN FLAT SPACES
Let γ a close the Clifford algebra {γ a , γ b } + = 2η ab , for a, b ∈ {0, 1, 2, 3, 5, ..., d}
and let γ a † = η aa γ a , so that they are formally unitary γ a † γ a = I. It follows then that S
It is useful to define for spinors one of the Casimirs of the Lorentz group -the handedness
We understand the product of γ a 's in ascending order with respect to index a: Accordingly the Weyl equations of motion operator for a free spinor anti-commutes with
S in even dimensional spaces (while in odd dimensional spaces they commute)
The handedness of Eq. (2) is namely the Casimir also of the Poincaré group, which includes
M ab close the same Lie algebra of the Lorentz group as S ab do and {Γ
One also finds
The handedness Γ
is the Casimir of the Lorentz group ({Γ 
for spinors and ρ =
In what follows we shall make use of the technique for generating spinor representations from the Clifford algebra objects, following references [14, 15] . The technique indeed origins from works, presented in the papers [7, 8, 10, 12] . In this paper we shall pay attention on even-dimensional spaces only.
Recognizing from the Lorentz algebra relation that two Clifford algebra objects S ab , S cd with all indices different commute, we select the Cartan subalgebra of the algebra of the Lorentz group for d = 2n as follows
Following refs. [14, 15] we introduce the graphic representation as follows
where k is a (doubled) eigenvalue of S ab on spinor states, obeying k 2 = η aa η bb . This can be easily checked by taking into account the Clifford algebra relation (Eq.1) and the definition of S ab . We namely find S ab ab We stimulate the reader to see the references [14, 15] for further details. It is useful to recognize that ab (k) are nilpotent operators, which are not hermite [17] :
[k] are projectors and hermitean operators:
Taking the above equations into account it is easy to find a Weyl spinor irreducible representation for d-dimensional space, with d even (or odd). 
All the states of one irreducible Weyl representation have the same handedness Γ (1)) and SO(6) (and accordingly of SU (3)×U (1)) for free spinors. In the reference [12] Γ (1, 13) (it is chosen to be −1), Γ (1,7) , Γ (6) , Γ (1, 3) and Γ (4) are presented, as well as all the Cartan subalgebra eigenvalues of the group (and accordingly of the subgroups SO(1, 3), SU(3), SU(2) and the two U (1) Let us use the above mentioned technique [14, 15] to present quantum numbers of the Weyl left handed spinor of SO(1, 5). We make a choice of the Cartan subalgebra operators
We make a choice of the starting state:
There are four basic states, two right handed spinors with respect to the subgroup SO(1, 3) with the "S 56 charge" equal to +1/2, and two left handed spinors with respect to the group SO(1, 3) with the "S 56 charge" equal to −1/2. 
is in M 6 a plane wave, while the spinor part is for a generic p a a superposition of all the vectors, presented on Table I ψ
with the condition (p 0 ) 2 = ( − → p ) 2 and for any (α/β) (Eq.(9) therefore offers two independent solutions). If In even-dimensional spaces a left handed spinor (Γ (1,5) = −1) is mass protected [14] (while in odd-dimensional spaces it is not [14] ) and an interacting field (gravity) can not for d even make spinors massive. In the four-dimensional subspace, however, nonzero components of the momentum p a in higher than four dimensions (nonzero either p 5 or p 6 ) manifest as a mass term, since they cause a superposition of the left and the right handed components of Γ (1,3) (as seen from Eq.9). A spinor with nonzero components of a momentum p a in only d = 4 manifests in the four-dimensional subspace as a massless either left or right handed particle.
We present bellow the commutation and anti-commutation relations, which equations of motion operator for a free Weyl spinor fulfills. We present also some other relations, which demonstrate properties of free massless spinors.
Here ψ sol is the solution of the Weyl equation in d = 1 + 5. We also notice
We shall need these relations in section V.
IV. WEYL SPINOR IN SPACES WITH CURVATURE AND TORSION
We present here some expressions and relations, needed when we treat spinors after M 1+5 compactifies to a flat torus S 1 × S 1 with a torsion and M 1+3 . We let a spinor interact with a gravitational field through vielbeins f 
Here a, b, .. denote a tangent space index (a flat index), while α, β, µ, ν, .. denote an Einstein index (a curved index).
Taking into accout that
with 
A left (or right) handed spinor in d-dimensional space will manifest in the n(= 2k)-dimensional part of space the masslessness only, if it will be either left or right handed also with respect to Γ S ), will have well defined handedness also in the n-dimensional part of space (Γ (n)
and will accordingly be massless. For such a spinor it must follow that (γ h p 0h = 0)ψ sol , h ∈ {n + 1, .., d},
with ψ sol satisfying the equation (γ a p 0a = 0)ψ sol , a ∈ {0, 1, 2, 3, . . . , d}.
The nonzero term γ h p 0h ψ sol h ∈ {n + 1, · · · , d} would namely manifest as the n-dimensional mass.
We shall demonstrate in next section that in the case when M 1+5 compactifies to M
1+3
and a flat torus S 1 × S 1 with a torsion, massless spinors in d = 1 + 3 (of well defined handedness) exist.
We present in what follows some relations, needed in section V when a spinor in a flat torus with a torsion as a compactified part of space will be discussed.
It is meaningful [16] to require that the total covariant derivative of a vielbein e 
in agreement with the definition of the torsion in Eq. (14), provided that
One then finds that a covariant derivative of a torsion in a flat space (where a spin connection is equal to zero) is equal to the ordinary derivative of a torsion (Γ 
with arbitrary coefficients a, b, c. It leads after the variation of the action
with respect to vielbeins e a µ to equations of motion for the vielbeins.
We assume in d = 1 + 5 a left handed spinor. We want, after compactifying M
1+5
to M 1+3 and a flat torus (S 1 × S 1 ) with a torsion, that a spinor in d = 4 will be of well defined handedness, in order that the masslessness of a spinor will be guaranteed. To achieve that, a proposal for the Kaluza-Klein charges implementing the U(1) × U(1) group of the flat Riemann-space torus S 1 × S 1 is needed, which in d = 2 commutes with the Weyl equations of motion operator including a torsion, as well as anti-commutes with the operator of handedness Γ (2) . In what follows we shall prove that there exist in a flat torus with a torsion two charges ′′ M
(i)
′′ , (i) = 5, 6, with the properties as follows
In a flat torus S 1 × S 1 the angular momentum M 56 is not a symmetry operator of the torus and can accordingly not be a candidate for a Kaluza-Klein charge. We propose the following two charges
In a flat torus S 1 × S 1 the Riemann tensor is equal to zero, leading to:
with 5, 6 the two tangent space indices ((a, b)) and ( (5), (6) 
We parametrize the zweibein as follows
with φ = φ(x (5) , x (6) ). Then it follows from Eq. (14) for the torsion
leading to
(5)(6) = −φ , (6) .
We shall require for simplicity that the ordinary derivative of a torsion is zero
and show later that the choice of the Lagrange density from Eq.(21), which is quadratic in torsion, is not in contradiction with the requirement of Eq. (30). It follows
The solution of these equations is
for a generic choice of {α, β}. Since φ is an angle with the periodic properties φ(0,
, it must be that α and β are two integers and we find e 5 (5) = cos(mx (5) + nx (6) ), e 6 (5) = sin(mx (5) + nx (6) ),
where m and n are any integers.
We have now to prove that for the chosen torsion on a flat torus (Eqs. (26,27,30 ) 
which shows that also the second equation is fulfilled. We assume that for the ground state
which means that the ground state ψ sol is independent of p (5) and p (6) . In the internal (spinor) part, ψ sol can contain any of the four states of Table I and accordingly we conclude
which means that if we choose an eigenspace of the Kaluza-Klein charge ′′ M
′′ , we only get one eigenvalue for Γ
S on that subspace.
Let us also check whether (γ h p h ) 2 ψ sol = 0, which it should be for massless spinors in the four dimensonal subspace. Taking into account Eqs. (12, 13) , with R abcd = 0, a, b, c, d = 5, 6, for a flat torus, we find that for the ground state solution, which is independent of x (5) and
since p σ ψ sol = 0, contributing no mass term in the four-dimensional part of space.
VI. EQUATIONS OF MOTION FOR TORSION AND U (1) GAUGE FIELD
Let us at the end look for the equations of motion for the torsion field, making use of the Lagrange density, proposed in Eqs. (21, 22) . One easily finds
where a, b, c are arbitrary constants. Taking φ(x (5) , x (6) ) as variational fields we end up with the equations of motion
the solution of which is the zweibein from Eqs.(32,33).
Let us check if the choice of a flat torus with a torsion as a compactified part of space allows a gravitational field to demonstrate as a gauge field of a charge S 56 in M 1+3 . We let to be non zero that components of the Riemann tensor which contribute to the U(1) gauge field R σρhk = 0, with h, k ∈ {5, 6}, σ, ρ ∈ {(5), (6)}, 
With the above choice of the Riemann tensor and the vielbein tensor we find
The spin connection A α := ω 56 α appears as a gauge field of U(1). Since the compactification of a part of the d(= 6)-dimensional space into a flat torus with the torsion presented in Eq.
(40) makes a Weyl (massless) spinor in the four-dimensional part of space possible, the Weyl equations of motion in the four dimensional part of space then accordingly read γ m p 0m ψ = 0, with m ∈ {0, · · · , 3}
We see that τ is the sum of the two Kaluza-Klein charges of Eq. (24) with m (i) = −1, for (i) = (5), (6), if applied on a ground state spinor, whose wave function ψ sol is independent of x (i) (Eq. (36)). If we make a choice of the Lagrange density
with an arbitrary parameter d, we end up in n(= 1+3)-dimensional space with a U(1) gauge field, comming from the spin connection of the type ω 56α as a gauge field of S 56 (rather than a gauge field of p (5) and p (6) as it would be in ussual Kaluza-Klein theories).
VII. CONCLUSIONS
Starting with a Weyl spinor of only one handedness in a flat Riemann space M 1+5 , we are able to find a compactified space of S 1 × S 1 flat Riemann space torus with only a torsion (the spin connection ω hkα is accordingly a pure gauge field, which we put equal to zero), for which we define the two Kaluza-Klein charges ′′ M The crucial achievement of our example of compactifying space with a torsion is, that we can take the eigenvalue subspace of one of the proposed Kaluza-Klein charges (the two Kaluza-Klein charges commute) inside the solution space
(i)
namely, for example,
which accordingly contains wave functions of only one specific handedness Γ (2)
S ψ = αψ when γ a p 0a ψ = 0 and ′′ M
(1)
′′ ψ = βψ, with α determined from β.
According to the Witten's theorem [1, 2] the space of Eq.(44) must be real (reducible)
representation of the group U(1) × U(1) and leads accordingly to a real representation in also the "physical" M 1+3 part of space, which is consequently without the mass protection mechanism. Our spinor has, due to the choice of the eigenvalue subspace of the Kaluza-Klein charges, only one handedness in the compactified part of space and consequently also in the "physical" part. The Witten "no-go" theorem is in our case not violated.
One still can make a choice of a spin connection in a way that the Weyl ground state spinor interacts in the four-dimensional subspace with a gauge field, defined by the spin connection (Eq.(42)). In this particular case, when the solution of the Weyl equation is independent of the coordinates of the two compactified dimensions, represented with a flat torus with a torsion, the spin connection can appear as a gauge field of the S 56 operatorrather than a gauge field of either of the two Kaluza-Klein charges.
In the approach of one of us [7] [8] [9] [10] [11] [12] One should try to prove also another "no-go" theorem: For spaces without torsion one can never find a group of symmetry generators, implementing an isometry group, so that it can be used for splitting the solutions (the real Witten's space of solutions) into complex representations -the eigenvalue spaces of the handedness. 
